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Chapitre 1

Introduction

1.1 Background

QUIMPER an application suite for handling constraints over the rels that includes three
programs : gPave (a graphical tool for paving sets in 2D), qSolve (a solver providing
numerical results) andgTraj (a graphical tool tailored to di erential equations). Itis based
on constraint programming techniques. However, the undesfing philosophy of QUIMPER
slightly di ers from the conventional viewpoint.

You must be somehow familiar with the constraint programming paradigm, albeit no
expertise is required. You must also have basic knowledge alt how real numbers are
handled, i.e., that :

{ Variables are given domains under the form of intervals. The cross product of intervals
is called abox Hence, the initial domains form the initial box. Symbols corresponding
to intervals and boxes will be surrounded by brackets, e.g.[x].

{ Variables domains are bisected (instead of instanciated)when a choice point is to be
made.

{ Solutions cannot be isolated. Boxes encompassing the sdions are expected with a
user-de ned precision (they must be \small"). You must also be aware that round-o
calculations may prevent from obtaining any desired precision (the surface covered by
small boxes becomes steady below some limit).

{ Interval arithmetics allows to build e cient propagators for an equation or inequation
(in QUIMPER propagator is called acontractor).

For an understanding of this guidebook, the following de nitions should be enough :

De nition 1 (Paving & Sub-paving) A sub-paving of[x] is a set of non-overlapping
boxes included in[x]. A paving of [X] is a collection of sub-pavings that entirely covefx].

De nition 2 (Contractor (partial de nition)) A contractor is an operator C that
takes a box[x] as input and returns a box[x]° included into [x].
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1.2 Overview of QUIMPER

QUIMPEROolves various problems de ned by a set of constraints and ter provides the
result graphically (gPave and qTraj ) or numerically, i.e., with a list of boxes (qSolve).
Contrary to existing solvers on continous domains QUIMPER a programable generic solver
(called paver). A ne control on the di erent actions made by the paver is 0 ered and this
control is expressed in a speci ¢ (high-level) language. Fothese reasons, the input can be
viewed as a program.

The QUIMPERterface compiles a program but does not embed yet an editorYou must
use an external tool for editing programs and alternately svitch between this tool and
QUIMPERNil compilation succeeds QUIMPERBNIly provides compilation error messages).

A program written in the QUIMPERnguage is not something executable. It contains a
description of various algorithm that the paver (the generic solver) may use to solve the
problem. Once a program is loaded, several actions can be madYou can select di erent
algorithms, place them in a particular order, associate dierent colors to each of them
(with gPave and nally run the paver. With gPave the result can be obtained with two
di erent graphical mode (either step-by-step or in one raw).

1.2.1 The paver

In this section, the kernel of QUIMPEREe., the paver algorithmis described. This description
is not really intended to be assimilated at rst reading, especially for non-expert users.
You might rather go rst through the examples below and come back to this section when
you feel necessary.

Let us remind now that a basic branch & prune solver consistsn applying in turn

1. a contractor that removes unfeasible points from the curent box (the current search
space)

2. a test that checks if the current box is too small. In that event, the box is removed
from the search process and marked as \undiscernable" box.

3. possibly, a test that certi es the existence/unicity of a solution in an undiscernable
box.

4. a bisection procedure that split the current box in two halves along one dimension.

Step 4 is currently hard-coded inQUIMPER he procedure always splits an interval at mid-
point, the bisected dimension being elected with a round-roin policy (additional policies
will be o ered in future releases).

Besides bisection,all is contractor in the QUIMPERhilosophy.

Contrary to classical solvers, inputs are not exactly varidbles and constraints. Inputs are
variables and a list of contractors. Since the purpose oQUIMPERs to allow users to
build their own solving strategies, the paver must be fed wit information telling how to

solve rather than what to solve. If the \what" correspond to constraints, the \now" will

correspond to contractors.
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Let us denote by k]© the initial box. The paver proceeds as follows. The rst contractor is
enforced on k]® := [x]©. If the contraction is e ective, a smaller box [x]@ is returned and
the di erence [x]Yn[x]® is stored in a sub-paving associated to the rst contractor. Only
[x]® is left to be treated, and the second contractor is called. Wien all the contractors
become ine ective on a box k], we can say that the \ xpoint" of contractors is reached
and [X] is bisected. The whole process is then repeated until the dt of boxes become
empty. The output of the paver is therefore a paving of the initial box.

A contractor removes subboxes, and all the removed subboxeferm a subpaving of the
initial box which characterizes the actions performed by a ontractor. We will simply call
the subpaving of a contractor  this subpaving.

In other words, the subpaving of a contractor is the union of all the parts removed
by a contractor during the solving process.

Let us leave aside Step 3 for the moment (this will be discussklater). Step 2 can be easily
cast into this de nition. Indeed, the test can be viewed as abinary contractor, in the sense
that it keeps all or nothing.

In this philosophy, a subbox removed from the search in Step land a box removed from
the search in Step 2 are at the same level.

When looking for points simultaneously satisfying a set of onstraints, the subpaving of
the test (called thickness contracton is therefore the one that contains the solutions.

Of course, one can build complex contractorsQUIMPER actually based on thecontractor
programming paradigm, that shall be introduced as we go along.

1.3 Installation

QUIMPER currently only available on Linux platform.

The following libraries are required to install QUIMPERbison, flex, m4, gtk, gtkgl,
glut and plib.

If you are under Ubuntu, you can simply type :

sudo apt-get install bison flex m4 libgtkglextl-dev
libglut3-dev plib1.8.4-dev libgtk2.0-dev

QUIMPERpplications are actually light programs based on top of a C+- library called
IBEX Download the last version of the IBEX package (it is available on thelBEXweb site
http ://www.ibex-lib.org ). The le is named ibex-x.xx.tar.gz where x.xx is the current
version number.

Unpack this le and compile it :

gunzip ibex-x.xx.tar.gz
tar xvf ibex-x.xx.tar
cd ibex-x.xx

make
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The gPave2D, gqSolve and qTraj programs are all in the ibex/quimper subdirectory.

1.4 Acknowledgments

QUIMPER based on the C++ library IBEX Part of its design and developement is due to
Bertrand Neveu and Gilles Trombettoni from INRIA Sophia-Ant ipolis
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gPave

2.1 A rst example

(Source le : ring0.qpr .)

Consider the following simple distance constraintc where x and y are known to lie within
[ 7271 [ 7.7]:
(c) x°+ y?=25:

The solution set is a circle centered on zero with radius 5.

2.1.1 Declaring variables and constraints

Open your favorite editor and creates a new lering0.qpr . First, we need to declare the
variables (seex5.1.7 for variable declarations). The following syntax shaild talk for itself.

Variables
X in [-7,7];
y in [_717]:

As said in introduction, the QUIMPERrogram is only expecting contractors as input.
Fortunately, thinking in terms of contractors is not a big deal.

Constraints are actually just auxiliary data used to build contractors. We need now to
build

1. a contractor to remove unfeasible points with respect to he constraint dist.

2. athickness contractor (a contractor to remove boxes thatare not thick enough, i.e.,
that are too small).

Every contractor has to be declared and assigned a unique nagn(or identi er).

9
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2.1.2 Natural Contractor

Thanks to interval arithmetics, QUIMPER able to build a contractor with respect to a
constraint ¢. This means that, given a box K], the resulting contractor computes a box k]°
such that no point in [x]n[x]° satis es c. This contractor is called the natural contractor
associated toc (technically, the algorithm is Hc4Revise). As just said, QUIMPER able to
build natural contractors associated to any equation or inguation written as a composition
of the usual mathematic symbols (+, ,sin,exp,p , etc.)

For convenience reasons, there is no keyword famatural contractor in the QUIMPERn-
guage. The following simple rule applies instead : everywhe a contractor is expected,
giving a constraint will automatically be interpreted as giving the natural contractor as-
sociated to this constraint.

Let us now declare a natural contractor for our distance consaint (note that C++-like
{as well as C-like comments{ are allowed in theQUIMPEByntax) :

contractor feasibility
x"2+y"2=25 /[ natural contractor (removes points that are n ot feasible)
end

Of course, if the constraint c occurs many times, one may desire to declare it somewhere,
once for all. For this end, the constraint keyword exists, and the above contractor can
be declared in two steps as follows :

constraint disteq
xXN2+y"2=25
end

contractor feasibility
disteq
end

2.1.3 Thickness Contractor

There is currently only one way to build a thickness contractor, thanks to a built-in oper-
ator! called maxdiamGTThis operator takes in parameter a real number' > 0 and returns
a contractor that acts as follows. A box [x] is removed (preempted by the contractor) if

solutions to be wrapped into intervals with a size lower than0.5, we simply have to type :
contractor isthick

maxdiamGT(0.5) // removes boxes that are not thick enough
end

!Note that in future releases, this thickness contractor might be the natural contractor associated to
an expression involving the domain operator maxdiam



2.2. RUNNING THE APPLICATION

We are now ready for running the graphical user interface.

2.2 Running the application

In the quimper subdirectory, run the qPave program :

/libex/quimper/$ ./qPave

The following window appears.

-

SaEO G NMBED

S

File

Contractors

Main list
Numb Name

BG FG

In the file

Figure 2.2 shows the window onceing0.gpr

Fig. 2.1

menu, selectopen. Then, chose thering0.gpr

le and con rm your choice.

has been loaded successfully.

-

=aLOTQUTMBPET

(=liE

J[5)

File

Contractors
isthick
feasibility

Round-robin prec

[0.014000

add all

Main list

Numb | Name

BG | FG

Fig. 2.2 {
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The contractors feasibility andisthick are appended to the \Contractors" list. Below,
you can see thatQUIMPERas automatically selected the two rst variables of your problem,
namely x and y as the horizontal and vertical axis respectively for plotting boxes. Finally,
the \Round-Robin prec" editable box contains the precision d the round-robin bisection.
You can enter di erent values (this parameter will be explained further). However :

Always ensure that the bisection precision is less or equal to th e precision
used in the thickness contractor

Click on the [add all] button. This will add both contractors as input for the paver
algorithm.

Note that the [go!] button is now enabled. This means that the paver can be run, sice
it has at least one contractor in input. Each added contracta appears on the \Main List",
on the right. It has two associated colors the subpaving willbe painted with. BGand FG
correspond repectively to the background and border color bboxes.

You can change the colors by clicking on thdedit] button.

Click on [go!]. The paver yields a paving of the initial box [ 7;7] [ 7;7] that appears
on the black area. The result is on Figure 2.3.

L SSIEOQMMBED EEE
File

Contractors add all Main list
isthick BG FG

Numb Name

feasibility 1 isthick [ ]
2 feasiiity [ NI

Round-robin prec

[0.014000 ]

[ step-by-step

Fig. 2.3

The red area corresponds to the undiscernable boxes removdy the isthick contractor
and can be interpreted as the set of solutions, up to the requed precision (0.5). The
blue area corresponds to subboxes removed by thieasible contractor and is proven to
contain no solution.

2.3 Introducing inner contractors

(Source le : ringl.qpr .)
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Let us slightly modify the problem. Instead of looking for all (x;y) at exactly distance 5
from the origin, we might add some uncertainty on the distane. Assume that the distance
can lie in an interval [4; 6].

You can declare a constant

Constants
d in [4,6];

and modify the feasibility contractor as follows :

contractor feasibility
x"2+y"2 in d
end

or directly write

contractor feasibility
xX"2+y"2 in [4,6]
end

Note that constants must be declared before variables. Savi as ringl.qpr, open it under
gPave click on [add all] and then on[go!] . The solution set is paved with small boxes,
removed by the thickness contractor (Figure 2.4).

= SSIEOIQUMBES EEE

Contractors add all Main list
isthick

Numb Name BG FG

feasiiy v e NN

2 feasivilty | NI

Round-robin prec

[0.014000 ]

[ step-by-step

Fig. 2.4 {

A better way of describing the ring consists in introducing acontractor that removes points
inside the ring (in the way that the feasibility contractor r emoves points outside). Such a
contractor is easy to build. If it has to remove only points inside the ring then all points
outisde are "safe" in regard to this contractor. If we could characterize these points with a
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constraint ¢ then a natural contractor associated to c® will suit, in a complete symetrical
way as the natural contractor associated toc suits for removing points outside the ring.

Now, (x;y) does not satisfyci x2+ y2> 62 or x2+ y? < 42, Disjunction are not allowed
in QUIMPERut union of contractors are, and most of the time the latter can substitute
directly to the former. Indeed, if C; and C, are contractors with respect to x? + y? > 62
and x2 + y? < 42 respectively, thenC1[ C, is a contractor with respect to the disjunction
of the two constraints. Since a constraint is directly interpreted as a natural contractor in
QUIMPERyntax, we just have to write :

contractor unfeasibility
XN2+y"2 > 36 union x"2+y"2 < 16;
end

or, in a more elegant way :

contractor unfeasibility
x"2+y"2 > sup(d)*2 union x"2+y"2 < inf(d)"2;
end

It turns out that this type of inner contractor (i.e., the ima ge of a function does not
intersect a given range) arises often. For this reason, aot-in operator is available, which
is just syntax sugar for the last union of inequalities. Hene, the shortest way to de ne
the unfeasibility contractor is :

contractor unfeasibility
X"2+y"2 not-in d"2
end

The result is depicted on Figure 2.5.

2.4 Surface levels

Consider f (x) = sin( x2 + x3)=(exp(x1) + x3) and 4 decreasing valuey; = 0:8, y, = 0:6,
y3=0:4,y4s=0:2and x]=[ 2;2] [ 2;2]. The goal is to classify all the points of an
initial domain [ x] according to the constraints :

F0 v
or 1(X) v o1
or F(x) ya

with a priority corresponding to the intuitive idea that we are more intereged in the
highestvalues : the surface levely,, i.e., the number of points satisfyingf (x)  y; must
be maximized rst. Then, the surface levely, must be maximized and so on.
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- St QUIMPES = En )

File
Contractors

unfeasibility

feasibility

Round-robin prec

[0.014000 |

[ step-by-step

2.4.1 A rst program

(Source le : ring0.gpr .)

We can create 4 times a constraint that isolates a surface lal, namely,

f(x) 2 [yisyi 4l

will correspond to the precision).

Constants
eps = 0.05;
y = [0.8; 0.6; 0.4; 0.2];

Note that the QUIMPE&yntax allows to declare arrays of constants. It also allowso declare
arrays of variables in this way :

Variables
x[2] in [[-2,2];[-2,2]];

Once constants and variables are declared, we can declare anttion to avoid duplication
of long expressions :

function z=f(x[2])
z=sin(x[1]"2+x[2]"2)/(exp(X[1])+x[2]"2);
end
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Now, a contractor can be built for each surface level as foll@s. Since contractors cannot
take arguments yet, we need to de ne one distinct contractorfor each surface level.

contractor levell

fe)<y[1];
end

contractor level2

f(x) not-in [y[2],y[1]]
end

contractor level3

f(x) not-in [y[3],y[2]]
end

contractor leveld

f(x) not-in [y[4],y[3]]
end

contractor toolow

f(x)>=y[4];
end

Finally, as explained in previous examples, we need a thicless contractor to stop the
paver.

contractor isthick
maxdiamGT/(eps)
end

Figure 2.6 shows the result.

2.4.2 A more adapted program

(Source le : ringl.qpr .)

Now, to improve clarity, let us rst change the colors. Change the background color of
each contractor to the foreground color. For instance, editlevell and set its background
color to red. Set the foreground and background colors oisthick  to black.

Figure 2.7 shows the result. As you can see, each surface léigesurrounded by an undesired
black enveloppe.

The black enveloppe between the two rst levels correpond taall the boxes ] that neither
satisfy f ([x]) >y [1] nor f ([X]) [Y[2]; Y[1]]. Some points inside these boxes have an image
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3 il eiE =, =1

File

Contracters ————— Main list

adial Numb| Name

toolow
levely 1 toolow
levelz levell
level3 level2

isthick

2
3

levela 4 level3
H
6

Round-robin prec
|0.004000

[ g0l l‘

[ step-by-step

Fig. 2.6 {

greater than y[1] and others smaller. According to the semantic of our prokem above, we
would actually like these boxes to be considered as inside ésurface levelf (x) y» (all
the points satisfying the latter inequality).

The key idea to circumvent this issue si simply to remember tlat contractors are algo-
rithms, and an appropriate algorithm in this situation is : if [X] is not thick enough and if
all points inside [x] satisfy at leastf (x) y» then put [X] in the subpaving of the surface
level y,. This can be written :

contractor level2
f(x) not-in [y[2],y[1]] inter (isthick union f(x)<y[2])
end

which, however, requiresisthick to be placed before in the source le.

Finally, the enveloppe around the least surface level corgponds to boxes that are small
and that could not be proven to lie entirely inside the least surface level. These boxes
must be incorporated in the \too small" area. To this end, we just have to check for a

given small box that the range of the image byf does not exceed/s (otherwise, we would

consider boxes of other enveloppes also as \too low") :

contractor toolow
f(x)>=y[4] inter (isthick union f(xX)>y[3])
end

Load the source le levell.gpr . Add all the contractors to the paver, excepted isthick
which is now useless! (this can be done easily by rst clickig on [add all] and then
clicking on [remove] with isthick selected). Change the colors as suggested above. Figure
2.8 shows the result. We can see that surface levels have nomaoth boundaries.
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Horizontal axis
«[1]
Vertical axis
|21

Round-rabin prec

] step-by-step

[0.004000

| = Sall ty QUIBEr
File
Contractors ——————  Main list
toolow | =ddal Numb | Name
levely % toolow
level2 2 levell
level3 —— 2 level2
levela ‘—remuve | 4 level3
isthick — 5 leveld
S

(= SIS OHMEES

File

Contractors | Mainlist
toolow [eddal | Numb Name
levell 1 toolow
level2 2 levell
level3 [remove | 3 levelz
level4 4 lewels
isthick [edt | 5 e

Horizontal axis
|11

Vertical axis

x(2]

Round-robin prec

0.004000 |

L o

(] step-by-step
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gSolve

gSolve is rouglhy just a dierent interface for the very same program. The interface
does not provide a graphical 2D representation of a paving bua list of numerical results
(coordinates of boxes) written into a le in plain text. In fu ture releases, the interface will
o er features for handling these numerical results easilie : you will be able to click on a
solution, increase precision, etc. and eventually export dta to a le.

gSolve is based on the sameuaver as gPave but with however one important exception
motivated by e ciency reasons that we shall explain right aw ay.

In high dimension, keeping track of all the contractions peformed by contractors is too
memory consuming, while the user is usually only intersetedn the \roots", i.e., the boxes
removed by the thickness contractor.

To be more general, the programer is actually supposed to banferested only by the leaves
(the boxes entirely discarded) of a subset of contractors. fie essential purpose of this
more general de nition appears when resorting to inner or eistence tests.

Indeed, consider a system of equations. The programer willypically enter a feasibility
contractor (that removes non-solution points), a thicknesscontractor (to stop the search)
and an existence test (that tries to prove the existence of aaution in a small box before
it gets preempted by the thickness contractor). The prograner is probably not interested
by the boxes removed by the feasibiliy contractor, let aloneintermediate ltering. Likely,
he/she would rather know whether a un Itered box was contracted by the existence test
(so that it will form a safe solution) or the thickness test (so that it will form a non-safe
solution).

Furthermore, in the contractor philosophy, focusing on the thickness test would be very
clumsy since the latter is just a contractor among others. Ths would compel the paver to
be aware of the nature of the di erent contractors.

19
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3.1 Intersection

(Source le : ponts0.gpr .)

CHAPITRE 3. QSOLVE

Run the gSolve application. The following interface appears (see Figure 3).

-

SaEO G UMBED

e

File
Contractors

Round-robin prec

Output file name

Main list

Number Name

Fig. 3.1 { qSolve interface

We will solve a system of 30 equations. The constraints can beéeclared in a constraint

list, in the fashion of x2.1.2. The input le begins with :

Variables

O_y in [ -46.516999999999996, 53.483000000000004 ] ,
O_x in [ -53.574999999999996, 46.425000000000004 ] ,
N_y in [ -46.759999999999998, 53.240000000000002 ] ,
N_x in [ -53.517999999999994, 46.482000000000006 ] ,
M_y in [ -46.589999999999996, 53.410000000000004 ]

M_x in [ -53.335999999999999, 46.664000000000001 ]

Ly in [ -46.602999999999994, 53.397000000000006 ] ,

L_.
K
K_
J
J
I

I

H
H

G
G
F

X in [ -53.085999999999999, 46.914000000000001 ] ,
_y in [ -46.832999999999998, 53.167000000000002 ] ,
X in [ -53.278999999999996, 46.721000000000004 ] ,
_y in [ -47.003999999999998, 52.996000000000002 ] ,
_x in [ -53.461999999999996, 46.538000000000004 1] ,
_y in [ -49.599999999999994, 50.400000000000006 ] ,
_x in [ -51.958999999999996, 48.041000000000004 1] ,
_y in [ -47.596999999999994, 52.403000000000006 ] ,
_Xx in [ -48.497999999999998, 51.502000000000002 ] ,
_y in [ -46.552999999999997, 53.447000000000003 ] ,
_Xx in [ -52.840999999999994, 47.159000000000006 ] ,
_y in [ -46.789999999999999, 53.210000000000001 1] ,
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Tn
x

in [ -52.919999999999995, 47.080000000000005 ] ,
in [ -46.976999999999997, 53.023000000000003 ] ,
in [ -52.753999999999998, 47.246000000000002 ] ,
in [ -46.739999999999995, 53.260000000000005 ] ,
in [ -52.674999999999997, 47.325000000000003 ] ,
in [ -46.503, 53.497 ] ,

in [ -52.595999999999997, 47.404000000000003 ] ,
in[0,55],

in [ -50, 50 ] ,

in [ -50, 50 ] ,

in [ -50, 50 ] ;

|T|||T|
X <

=

x

IUJIOIO O 0O
x < <

J>|J>m
x <

constraint-list disteq
(Nx-0x)"2+ (Ny-0Oy "2 =0.0625 ;
(Mx-0x"2+ (My-0y ™2 =0.0625 ;
(Mx-NX"™2+ (My-Nly ™2 =0.0625 ;
(UIXx-Nx"r"2+ Jy-Ny ™2 =0.0625 ;
(Lx-Mx)y~2+ (Ly-My ~2) =0.0625 ;
(Kx-MXx)y"~2+ (Ky-My "2 =0.0625 ;
(Gx-Lx"r2+ (Gy-Ly ™2 =0.0625 ;
(Kx-Lx)y"2+ (Ky-Ly "2 = 0.089999999999999997 ;
(Ix-Kx)"r2+ Jy-Ky ™2 =0.0625 ;
(Kx-Nx)"2+ (Ky-Ny ™2 =0.0625 ;
(Ux-IxX)*"2+(Uy-Jy)"r2)=9;
(Hx-JIJx"2+ Hy-Jy "2 =25;
(Bx-1xr2+By-Ly ™2 =25;
4

(AXxX-1xX)"2+Ay-Ly "2
(Bx-Hx"r"2+By-Hy "2 9 ;
(Hx-1x)"2+ Hy-1lLy "2 =16;
(Fx-Gx)"2+ (Fy-G_y) "~ 2) =0.0625 ;
(Cx-GXxY"2+ (Cy-Gy ™2 =0.0625 ;
(Fx-Lx)"2+ (Fy-Ly) "2 =0.0625 ;
(Dx-Fx)~2+ (Dy-Fy "2 =0.0625;
(Dx-Ex)~2+ (D_y - E_y) ~ 2) = 0.0625 ;
(Ex-FXx) "2+ (Ey - F_y) "2 =0.0625 ;
(Dx-Gx)"2+ (Dy-Gy "2 =0.0625 ;
(Cx-Dx)~2+ (Cy-D_y) "2 =0.0625 ;
(Cx-Hx)"2+ (Cy-H.y ™2 = 18.003049000000004 ;
(Bx-Cx"r"2+By-Cy)"r2=9,;
(AXx-BXx)"2+ (Ay-By ~2) =25,

~ 1 1l

B x=0;
Ay =0;
Ax=20;

end
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Now, let us create the simplest contractor : an intersectionof the natural contractor
associated to each equation. This can be done easily using adp, as follows. Of course,
disteq(i) isthei™ equation. But, to be more precise, theinter loop expects a contractor
in its body, indexed by the loop increment. Hence,disteq(i) is implicitely interpreted
here as the natural contractor associated to the equation.

contractor feasibility

inter i=1:30;
disteq(i)
end
end

As usual, add a thickness test :

contractor isthick
maxdiamGT(0.5)
end

Load the pontsO.qpr le from the interface, and click on [add all] . Leave the checkboxes
activated. Figure 3.2 depicts the result.

- SSIEOIQUMMBER HEE)
File
Contractors " add ail Main list
isthick - Number Name sel?
EE R o
2 feasibility ~
Round-robin prec
[0.100000 |
output file name

Activate the export data checkbox and type \pontsO.txt" in the Output file name en-
try. Click on [go!] . After a litte lapse of time, the following message is displgied on the
standard output :

contractor 0: 6034 box(es) contractor 1: 3761 box(es) 19589 boxes created.
total time : 0.836053s
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It indicates that contractor O (the rstin the \Main list",i .e.,isthick ) yields 6034 leaves.
Contractor 1 (the second, i.e.,feasibility ) yields 19589 leaves. It took 0.83s to compute
this result.

The data has been written to pontsO.txt . Each line is a box followed by a number
indicating to which contractor it is associated (here, either 0 or 1).

To avoid losing time writing to a le, unactivate the export data checkbox henceforth.

Uncheck the feasibility contractor, as shown in Figure 3.3 and run again the paver.

- SEEEOHMEER e
File
Contractors add all Main list
isthick Nurmber Name sel?
feasibility 1 isthick (&4
2 feasibilty 0
Round-robin prec
[0.100000 |
output file name
[pontso.txt |

This time, the output is :

contractor 0: 6034 box(es) 19589 boxes created.
total time : 0.856054s

and observe that contractions performed by the second congctor have not been kept.

3.2 Propagation

(Source le : pontsl.gpr .)

The current thickness, 0.5, is too large to extract relevantinformation from the 6034 boxes
(many of them may not contain solutions). Let us decrease it.In the source le replace
maxDiamGT(0.5)by maxDiamGT(0.05) save it aspontsl.qpr .

Load the le, add all the contractors, uncheck feasibility . This time, the bisection
precision is too large. Set it, for instance, to 001 (warning : otherwise, an in nite loop will
occur). Click on [go!] . The result is

contractor 0: 8840 box(es) 104107 boxes created.
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total time : 5.10032s

It turns out that our feasibility contractor is not e cient :  the computation time and the
number of undiscernable boxes have increased signi cantjywhich means that too many
boxes could not be Itered.

A more suitable strategy consists in propagating the di erent natural contractors until

a xpoint is reached, with an AC3-like incremental loop. The propagate operator pre-
cisely allows to do that. Since this operator takes as arguma a list of contractors (a
contractor-list object), let us rst declare the list of natural contractors . Again, a loop
can be made with the for keyword this time (note the di erence between the for loop
that builds a list of contractors with the inter loop that builds a single contractor { the
intersection of the list{).

contractor-list dist
for i=1:30;
disteq(i)
end
end

And create now the new feasibility contractor using propagaion :

contractor feasibility
propag(dist)
end

Run again the solver repeating the steps given above. The re#f shows the expected
improvement :

contractor 0: 1842 box(es) 25885 boxes created.
total time : 2.54416s

The behaviour of the propagation can be controlled via two aguments (seex5.2.1).

3.3 Interval Newton

(Source le : ponts2.gpr .)

Let us decrease again thickness, downto 1le-07 (modify thisthick contractor and the
Round-robin precision according to this new value).

The solver reports :

contractor 0: 2749 box(es) 119493 boxes created.
total time : 13.5728s



3.4. PLAYING WITH THE ORDER OF CONTRACTORS 25

Let us be more e cient. Since the system is square, we can add rainterval Newton
iteration to the current contractor. Contrary to propagati on, a Newton contractor only
accepts a list of equations and not a list of contractors. Thg explains why thedisteq list
has to be passed directly to thenewton operator. Note also that the intersection between
two contractors is not commutative : it must rather be considered as asequence(here,
propagation is called rst, and then interval Newton).

contractor feasibility
propag(dist) inter newton(disteq)
end

Save asponts2.gpr and run again the paver repeating the steps given above. Theesult
IS now :

contractor 0: 256 box(es) 40011 boxes created.
total time : 6.83643s

3.4 Playing with the order of contractors

By clicking on the [add all] button, the thickness test always appears at rst on the
\Main list". This position is not really appropriate since a box should be left undis-
cernable only if the other contractors fail. If the thickness test is the rst contractor, it
removes boxes that can potentially be Itered, should they be very small. Switchisthick
and feasibility (use the [add] and [remove] buttons). Don't forget to uncheck the
feasibility contractor. The result is now :

contractor 1: 128 box(es) 39755 boxes created.
total time : 6.72842s

128 is actually the real number of solutions.

3.5 Shaving

(Source le : ponts3.gpr .)

Shaving is an operation introduced by Lhomme (IJCAI, 1993) that allows to implement
refutation techniques (similar to SAC with discrete domains). With continuous domains,
refutation is used to shrink endpoints only (instead ofany value inside the domains).

The shaving operatorshave takes a contractor C. Given a box [x], the resulting contractor
shave(C) contracts \slices" with C, i.e., subboxes obtained from X] by restricting the
domain [x]x of one component to a small subinterval k, ;x, + ]or [x; ;x‘k“]. When the
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result of the subcontraction is an empty set, the slice is reroved. Otherwise, contraction
is tried on a smaller slice. This recursion leads to consistd endpoints.

We can use shaving with the list of natural contractors as folows :

contractor feasibility
shave(dist) inter newton(disteq)
end

The result is

contractor 1: 128 box(es) 1495 boxes created.
total time : 15.877s

It is interesting to note that contraction has been much more important than in the
previous program (almost 20 times less boxes were createdjlowever, the time spent for
contraction is too important and makes the overall strategy less e cient.

One can decide to go a step further and to combine shaving witlpropagation :

contractor feasibility
shave(propag(dist)) inter newton(disteq)
end

The number of boxes is again divided by 2. Computation time issimilar.

contractor 1: 128 box(es) 743 boxes created.
total time : 14.7769s



Chapitre 4
gTraj

In the context of di erential equations, we are often dealing with a very large number of
variables and a very sparse system. This often dissuade oneofm making choice points.
Furthermore, casting a di erential equation into a constraint satisfaction problem makes
the function variable f transformed into a set of variablesf; representing a discretization of
f . The domains of these variables approximate the graphe df (leaving aside the time axis)
and should therefore be all represented on the same frame. Tis the second di erence
with gPave

Hence,qTraj is a tool for applying contractors to a single (huge) box and pot each pairs
of components on the same plane (or triplets on the same spaci future releases).

4.1 An example from automation

(Source le : robot.gpr .)

Consider the following di erential equation that describes the motion of a robot (t is the
time) :

pIt) = RC (0); (1) (1) V(1)
where, at any time, , , are the Euler angles,R the rotation matrix and v the speed
of the robot.

The purpose is to estimate the trajectory of the robot from its initial and nal positions,
that are known. The angles and speeds are also (uncertain) put data obtained, say, from
Sensors.

Apply an Euler rst-order discretization to the di erential equation, with 0:1 as time step.
We obtain :
p(t+0:1) = p(t) +0:1  R( (1); (1); (1)) v(t)

We can now build N times the latter equation with t 2 1.::N, where N is the number

27
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of time steps so that our initial/ nal value problem is cast i nto a standard system of
constraints.

Since the Euler angles are (uncertain) xed data (on which, ty the way, contraction is not
expected) it is worthwile to compute the rotation matrix R( (t); (t); (t)) once for all
and to store the result in a variable R(t). This justi es the introduction of an array R[N]
below.

Constants

N = 10000; /I Number of time steps
Variables

RIN-1][3][3], /[ rotation matrices

PIN][3I, /I positions

Vv[N-1][3], /I speed vectors

phi[N-1],theta[N-1],psi[N-1]; // Euler angles

4.2 Functions

Now, once the variables are declared, we must enter constnais and contractors.

The rst set of constraints must link every matrix R[i] to its value, computed from v[i] ,
phi[i] , theta[i] and psi[i] . We can resort to a function as shown below. A function
can return a single value, a vector or a matrix. Similarly, it can take real, vectors or matrix
arguments. In this case, we need a matrix-valued function wih 3 real variables :

/* Computes the rotation matrix from the Euler angles:

roll(phi), the pitch (theta) and the yaw (psi) */
function R[3][3]=euler(phi,theta,psi)

cphi cos(phi);

sphi = sin(phi);

ctheta = cos(theta);

stheta = sin(theta);

cpsi = cos(psi);

spsi sin(psi);

R[1][1]=ctheta*cpsi;
R[1][2]=-cphi*spsi+stheta*cpsi*sphi;
R[1][3]=spsi*sphi+stheta*cpsi*cphi;
R[2][1]=ctheta*spsi;
R[2][2]=cpsi*cphi+stheta*spsi*sphi;
R[2][3]=-cpsi*sphi+stheta*cphi*spsi;
R[3][1]=-stheta;
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R[3][2]=ctheta*sphi;
R[3][3]=ctheta*cphi;
end

A function is built by a sequence of assignments, to be read itheir appearance order, just
as in imperative programming (functions are actually the only place in QUIMPERhere one
can think in terms of instructions).

You can introduce any local variable (such ascphi) to store intermediate computations.
The returned value is simply set thanks to assignments wheré¢he left-hand side symbol
is the one corresponding to the output in the signature (here R.

Now, we can build the constraints that initialize the array Ras follows :

constraint-list rotation
for k=1:N-1;
R[k]=euler(phi[k],theta[k],psi[K]);
end
end

Finally, the discretized state equation is entered as follas :

constraint-list statequ
for k=1:N-1;
p[k+1]=p[k]+0.1*R[K]*V[K];
end
end

4.3 Crafting propagation

Now that the problem is properly de ned (variables and constraints), let us decide what
to do, that is to say, de ne the contractors.

We will adopt the following strategy : rst, all the rotation matrices are computed (ini-
tialization). Then, the position at every time step is estimated from the one obtained at
the previous time step thanks to the state equation.

This forward propagation starts from the rst time step (remember that the position p[1]
is known) and proceeds up to the last one.

Since the last positionp[N] is also known, we can also repeat the same procebackward
i.e., adjust the estimation at a given time step from the following one.

This strategy leads to the de nition of the three following contractors :

contractor init
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inter k=1:N-1;
rotation(k)
end
end

contractor fwd
inter k=1:N-1;
statequ(k)
end
end

contractor bwd
inter k=1:N-1;
statequ(N-k)
end
end

4.4 Running the application

Run the qTraj application. A window appears (see Figure 4.1).

‘= OOIMPERISG 1 7272D) =EE)

Fig. 4.1

Loads the robot.qpr le, as usual. Note that it can take some time (the loop inside the
constraint list is actually expanded, leading to the constiction of N constraints).

The three contractors appears on a list.
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4.5 Data importation

Now, by default, all the variables have their domains set to ( inf; +inf). You need to load
the data using the import button.

A popup dialog will let you chose a le.

The format is very simple. The le must contain (in plain text ) a list of oating-point
numbers separated by space characters (tab, carriage retar etc.).

Consider a variablex which domain has to be lled. If x is not an array, the le must only
contain two numbers : the lower and upper bound ofx. If x is a vector (a one-dimensional
array) of size n (such asp[l] with n = 3), the le must contain 2  n numbers. These
number will correspond to inf (x[1]), sup(x[1]), inf (x[2]), etc. If x is a matrix (a two-
dimensional array) of sizen m (such asphi, theta , psi or v in our example with with
n= N andm = 3), the le mustcontain2 m n numbers. These number will correspond
to inf (x[1][1]), sup(x[1][1]), inf (x[1][2]), etc.

As an example, here is the beginning of a le containing speedectors measured by a
sensor.

0.549776  0.562224 -0.296824 -0.291176 -0.150412 -0.14358 8
0.549776  0.562224 -0.296824 -0.291176 -0.150412 -0.14358 8
0.549776  0.562224  -0.296824 -0.291176 -0.150412 -0.14358 8
0.549776  0.562224 -0.296824 -0.291176 -0.150412 -0.14358 8
0.549776  0.562224  -0.296824 -0.291176 -0.150412 -0.14358 8
0.549776  0.562224  -0.296824 -0.291176 -0.150412 -0.14358 8
0.549776  0.562224 -0.296824 -0.291176 -0.150412 -0.14358 8

Once a le is chosen, you are prompted for the variable name. ®u will have to import
data successively fomp[1] , phi, theta , psi, v and p[N], whereN is the number of time
steps.

4.6 Computing the trajectory

Select theinit contractor and click on [contract] . This will initialize all the matrices
R Fill the \Trajectory Variable" entry with  p (see Figure 4.3).

Click on [plot] . The following error message appears :

which is correct. Since no contraction has been performed yen p, the domains are still
( inf;+inf).

Select thefwd contractor and click on [contract] . Click on [plot] . Now, the estimation
of the trajectory obtained after the forward propagation is displayed (see Figure 4.5). The
following error message :
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- 3

é cannot display domains with infinite bounds!

Fig. 4.2

- QUIMPERSE75)2D) = e

Contractors

bwd —
import data

Trajectory variable

plot

Fig. 4.3

indicates that p is an array of 3D vectors. SinceqTraj only supports 2D plots, the two
rst coordinates are considered (i.e., for alli, a box is formed with p[1] (horizontal axis)
and p[2] (vertical axis)). It means that the altitude of our robot can not be observed.

Apply the backward contractor bwd The trajectory is re ned as depicted on Figure 4.6.



4.6. COMPUTING THE TRAJECTORY

Fig. 4.4 {

Fig. 4.5{

Fig. 4.6 {
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Chapitre 5

Reference

5.1 Syntax of QUIMPER

Notation convention :
{ the current font is only used for metasyntax. We will resort to
{ square brackets [...] for optional elements
{ bracesf...g for repetitions (0 or more times)
{ vertical bars | for disjunctions
{ hyphens for ranges, such asa-z
{ the typeset font is used for kewords
{ the italic font is used for rules

5.1.1 Program main structure

program := decl-cst decl-var decl-user-func decl-constraints deaentractors

5.1.2 Identi ers

identier :=[a-zj AZ f [az] AZ]0-9] g

When declaring or using vectors, you will need to specify dirensions or components (with
indexes) respectively :

dimensions:= [ const-expr] [[ const-expr] ][ [ const-expr] ]

indexes:= [ const-expr] [[ const-expr] ][ [ const-expr] ]

35
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5.1.3 Mathematical operators

cmp-op = =l<|>]<=]>=
up-op = + -
bin-op = + j- 3% gl
built-in-func = sqrt jexp jIn jcos jsin jtan
j arccos jarcsin j arctan
j cosh jsinh jtanh
j arccosh jarcsinh | arctanh
cmp-func = min j max
domain-func = inf j mid j supj sign

5.1.4 Expression types

integer
real
interval
vector of reals
vector of intervals
matrix of reals
matrix of intervals

Tab. 5.1 { Possible types for an expression

5.1.5 Constants

decl-cst:=  constants
constant [ dimensions] in const-expr f ;
constant [ dimensions] in const-expr g
constant:= identier

The following table give examples of constant de nitions.
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X in [-00,0] declares a constantx with domain ( 1 ;0]

x in [0,1] declares an constantx with domain [0; 1]

X in O declares a (interval) constantx with domain [0; O]

Xx =0 declares a (real) constantx equal to 0

x = 100*sin(0.1) declares a constantx equal to 100 sin(Q1)

X[10] in [-00,0] declares 10 constantx[1];:::;x[10], each with domain (1 ;0]
X[2] in [[-00,0];[0,+00]] declares 2 constantx[1]2 (1 ;0] andx[2]2 [0;+1 )
x[10] in [0,1] declares 10 constantx[1];:::;x[10], each with domain [Q 1]
IS "oy o ol

[[[_’ ],O_,O]., declares a constrant matrixx = @ 0 [001] 0 A.
[0;[0,1];0]; 0 0 [1]
[0;0;[0,1]]]

x[10][5] in [0,1]

each with domain [G; 1].
It is possible to de ne up to three dimensional vectors.
A const-exprcan be of any type given in Table 5.1.

(const-expn

const-expr bin-op const-expr
un-op const-expr
built-in-func ( const-expy
constant [ indexes]
vector-expr

real-number | interval
interval = [ const-expr, const-expr]
vector-expr [ const-exprf, const-expg ]

const-expr

Of course, there are many implicit constraints. E.g., theconst-exprinside the de nition of
interval must be integer or real ; you cannot left-multiply a matrix by a vector, etc.

A real-number is entered in a classical manner (e.g. ::3415, +1e 07, etc.).

5.1.6 Variables

decl-var:= variables
variable [ dimensions] [ in const-expr] f ;
variable [ dimensions] [ in const-expr] g
variable := identi er

Variables are de ned exactly in the same fashion as constast (seex5.1.5). It is possible
to de ne up to three dimensional vectors, with an optional domain to initialize each
component with. The following examples are valid :

X[10][5][4]
x[10][5][4] in [0,1]

Whenever domains are not speci ed, they are set by defaultto{ 1 ;+1 ).
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5.1.7 User functions

user-func-decl:=  output-var [ dimensions] := user-func (
input-var [ dimensions] f, input-var [ dimensions] g)
assignmentf ;
assignmentg

end
assignment:= temporary-var [ indexes] = expression
j output-var [ indexes] = expression
user-func := identi er
output-var := identi er
input-var := identi er
temporary-var := identi er

5.1.8 Constraints and constraint lists

decl-constraints := constraint-decl j constraint-list-decl
constraint-list-decl :=  constraint-list constraint-list
constraint-block [ ;
constraint-block ]
end
constraint-block := constraint
j constraint-body
j for identi er = const-expr : const-expr
constraint-block
end
constraint-decl := constraint  constraint
constraint-body
end
constraint-body := expression cmp-op expression
j constraint
constraint-list := identi er
constraint := identi er
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5.1.9 Expressions

expression =

(expression)

expression bin-op expression
expression(in j not-in ) const-expr
un-op expression

built-in-func ( expression)

user-func( expressionf, expressiorn)
cmp-func( expressionf, expressiom)
domain-func( expressionf, expressiom)
variable [ indexes]

const-expr

5.1.10 Contractors and contractor lists

decl-contractors :=
contractor-list-decl :=

contractor-block :=

contractor-decl :=

contractor-body :=

contractor :=

contractor-decl j contractor-list-decl
contractor-list contractor-list
contractor-block [ ;
contractor-block ]
end
contractor
j contractor-body
j (inter j union) identi er = const-expr : const-expr
contractor-block
end
contractor contractor
contractor-body
end
constraint-body
j contractor
j constraint-list ( index)
j contractor-list ( index)
j contractor-body inter contractor-body
j contractor-body union contractor-body
j proj-inter(  contractor-body, identi er )
j proj-union( contractor-body, identier )
j propag( contractor-list [, const-expr[, const-expr]])
j newton(constraint-list [, const-expr[, const-expr[, const-expq]])
j shave(contractor-body [, const-expr|[, const-expf ])
j box-narrow( constraint-body [, const-expr[, const-expf ])
j column(variable , variable, const-expn
j transpose( variable, variable)
j maxDiamGTf(eal-value)
identi er
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5.2 Contractor

5.2.1 Propagation

Syntax : propag( contractor-list [,ratio [,incr] ])
Creates a propagation contractor from a list of contractors

Optional arguments :

{ ratio - Criterion for stopping propagation. If a contractor in the list does not remove
more that ratio times the diameter of a variable domain, then this reduction is not
propagated (the agenda is not updated). The default value ig0.1.

{ incremental - This parameter is mainly used when the propagation is embeded in a
higher-level operator. If set to true , only the pairs (var,ctr) where var is an impacted
variable by the higher-level operator (e.g., shaving) or thebisubsection procedure are
pushed in the queue. If set tofalse , all the pairs are pushed in the queue. Default value
is false .

5.2.2 Shaving

Syntax : shave(contractor [,ratio [,ratio _var] ])
Creates a shaving contractor from a contractor.

Optional arguments :

{ ratio - Criterion for exiting shaving main loop. If more than ratio times the diameter
of a variable domain has been shaved, the procedure loops (@he variables are shaved
again). Default value is +1 (we never loop back again).

{ var _ratio - Determine the minimum width of a slice (the slice width must not be greater
that var _ratio times the diameter of the current domain being shaved). Defalt value
is 0.1

5.2.3 Newton

Syntax : newton(constraint-list [,ceil [,prec [ratio _gauss_seidel] 1]
Creates an interval Newton iteration (Hansen-Sengupta varant).

Optional arguments :

{ ceil - Criterion for applying interval Newton contractor. When t he diameter of all
components of the current box is smaller thanceil , the interval Newton method is
applied. This criterion is useful to avoid useless computabns of the jacobian matrix for
wide boxes. Default value is 0.01.

{ prec - Criterion for stopping the main loop of the iteration. If a step of interval Newton
does not reduce the variable domain diameter by more tharprec (this is not ratio but
an absolute value), then the procedure stops. The default Viae is 1e-07.

{ ratio _gauss_seidel - Criterion for stopping the inner Gauss-Seidel loop. If a stg of
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Gauss Seidel does not reduce the variable domain diameter lsgore thanratio _gauss_seidel
times, then the linear iteration stops. The default value is 1e-04.

5.2.4 Box Narrowing

Syntax : box-narrow( constraint [,var _ratio [w _newton] ])
Creates a box narrowing contractor.

Optional arguments :

{ var _ratio - Minimum width of a slice in the narrowing procedure (the slice width must
not be greater that var _ratio times the initial diameter of the domain. Default value
is 0.03.

{ w.newton - Criterion for stopping the interval univariate Newton ite ration used to con-
tract a slice. If a step of interval univariate Newton does nd reduce the variable domain
diameter by more than w.newton (this is not ratio but an absolute value), then the
procedure stops. Default value is 1e-07.



